IB Mathematics: Analysis and Approaches SL

SL Paper 1 Mock B 2021 — WORKED SOLUTIONS v1

Section A

1. Two points P(-5,4) and Q(11,—8) are onthe line L, so L has gradient

4-(-8) 12 3

m= = =
-5-11 -16 4

. : 4
The gradient of the line perpendicular to L is therefore m, :§

. ) [ -5+11 4+(-8 6 4
The midpoint of [PQ] |s£ ;r , g )j = (E?j = (3,-2)

Solving for the equation of the line perpendicular to L:

y—(—2):g(x—3) = y+2:gx—4 = y:gx—G

_ 4
Thus, the line perpendicular to L that passes through (3, —2) has equation y :§X_6

2. @  h(x)=(fog)(x)="f(g(x))
f(g(x))=f (2x-3)

:;
2(2x-3)+1
_ 1
C4Ax—6+1
1
f =
(g(x)) 4x—-5
1
th f h =
e (X) 4x-5
(b) y:4x—5 . solve for x
£=4X—5 = 4X=£+5 - x=i+§
y 4y 4
thus, h_l(x)=4—1x+% or, equivalently, h‘l(x)=5211
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3. (@) 9'(x) :(x—4)3 ; find g"(x) using the chain rule
let u=x—4 andlet y=u®

ﬂ:BUZ d_u:l

du " dx

. dy du )
X)=—-—=3u-1

g ( ) du dx

undo substitution:
g"(x)=3(x—4)
b)  g"(4)=3(4-4) =0

(c) g"(x)=0 for all values of x, meaning that the graph of g(x) is always concave up.
An inflexion point requires a change in sign of the value of g (x) i.e. it requires the
graph of g(x) to go from concave up to concave down, or vice versa. As g(X) is

always concave up, neither point A nor any other point on ¢ (x) is an inflexion point.

4. (@ log,20=log,(4-5)=log,(2)+log,5=2log,2+log,5=2x+y

thus, log,20=2x+y

7-16+13 112+13 125
(b) |093(7%)=|093(Tj=logg( o ]=Iog3(ﬁ]

log, (112_65j =log,125-10g,16 = log, (5°) - log, (2*) = 3log, 5 4log, 2 = 3y - 4x

thus, log, (7£) =3y —4x

log, (2°
© log, 8= log,8 _ 93( ):3I0932 _3X
log,5 log,5 log,5 'y

thus, log, 8= 3—;
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2 . . .
5. (@) 1+Inx+(Inx)" +--- is a geometric sequence with u, =1 and r =Inx
a geometric sequence converges when |r| <1
Inx <1 = -1<Inx<1

Inx<l = x<e

InNx>-1 = x>e*

1
thus, the sequence converges when —< x<e
e

(b) the sum of an infinite geometric sequence is S_ = 1u1
—-r
for this sequence, U; =1 and r =Inx
1 ,
S, = i ; we want to find the value of x suchthat S, =2
—Inx
1 1

—2 = 1-hx=1 = Ihx=% = x=ge? =+/e
1-Inx 2 2

thus, the sequence converges to 2 when X = \/E

6. 8sin xcosx = Jﬁ; simplify LHS using trigonometric identities
LHS =8sin xcos x = 4(2sin xcos x) = 4sin 2x
simplify RHS:

RHS=+12=/4-3=2/3
4sin2x =23 = sin2x:§ — 2x=sin{§}

. T .
we are told to solve the equation for 0 < x < E ,i.e. 0<2x<n

27

therefore, 2x = ?

wla

hence, X =

wl3a

T
6 H
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Section B
21 1
b P(TAL)=Z.=2=—
® ( A ) 38 12
© pL=2i,tt 1,11
38 34 12 12 6
(1AL _3
P(T L E 1
@ Py P(L) 1 2
6
(e) on any given school day, the
1

probability that Sophie will be late is P(L) = 5

construct a tree diagram of the three days <

that Sophie goes to school, with M for P(L) o
Monday, W for Wednesday and F for w . F <

Friday. Each day, there is a probability of
being late, P(L), and a probability of not M
being late, P(L"). ; P(L) ¥ <

W
Out of the 8 possible outcomes, 3 are such

P(L
that Sophie is late for school exactly twice in P(L) F (£)
the week. These are labelled in the tree
diagram above by a black circle. Therefore,

the probability that Sophie is late for school
exactly twice next week is the probability of any of these 3 outcomes occurring.

Each of the 3 outcomes have an equal probability of occurring, which is P(L)-P(L)-P(L")
So, the probability of Sophie being late exactly twice next week is 3(P(L)- P(L)-P(L'))

Substituting P(L):é and P(L'):§:

6
f115).15_5
6 6 6) 236 72
Thus, the probability that Sophie will be late exactly twice next week is 7—52

Alternatively, the answer can be found directly as a binomial distribution where X ~ B(B,lj .

6
3 2
Then, P(X =2):[2](%j (gj=7—52z0.0694
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8. (a) f(x)=2x"+4x-5= 2(x2 +2x)—5; completing the square
f(x)=2(x*+2x+1)-5-2

f(x)= 2(x+1)2 -7

b O (-L-7)
(i) x=-1
(i) (0,-5)
(iv)  x-intercepts exist where f (x)=0

2(x+1)2 -7=0 = 2(x+1)2 =7

(x+1)2 ! = x+1=i\ﬁ
2 2

x=—1i\ﬁ
2
7

-
thus, X-intercepts are X = —1+\/; and x=-1- 5

Ay

(©)

[¥)

\/Z<\/g=«/1=2
| 7

“1+20
L 2 | thus,\g is slightly less than 2

-
hence, it follows that X = —1+\E is

slightly less than 1, and

7
X = —1—\E is slightly greater than —3

(0. -5)
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3x

9. (@) g(x)= N ; find g'(x) using quotient rule
+
let u=3x = d—u=3
dx
letv=x’+7 = @:ZX
dx
3-(x*+7)=3x-2x
gl(x): ( 5 ) 2
(x +7)
:3x2+21—6x2
(x2+7)2
21-3x?
(x)=— a Q.E.D.
(x +7)

(b) j 23x dx ; using integration by substitution

X +7
letu=x>+7 = d—u=2x
dx
[ dx=2[Fdu
X +7 27U

3 o
=—Inu+C ; undo substitution

.[Xfi7dx=gln(x2+7)+c

(c) area= J-; g(x)dx

3X

:-[;x2+7

from (b), j 3X7dx=gln(x2+7)+c

X% +
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thus, area = Fln(x2 +7)}
2 N

:gln(a2+7)—gln((ﬁ)2+7)

:gln(a2+7)—glnl4

3 (a?+7
=—In
2 14

we are given that the area of the region is In8

2
hence,EIn a_+7 =In8
2 14

|n(a2117]=§|n8= In(8§]:: |n((23)§]=|n(22)
In(a2117]:In4

a’+7
14

=4 = a*+7=56

a®=56-7=49 = a=17

a> ﬁ therefore a=7
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